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This article aims to propose the short-term cost-based pricing method of supply chain net-
work with the consideration of value-added tax (VAT) and corporate income tax. First, the
average cost function of each business unit in supply chain network is given, and the aver-
age cost function is taken as the monotone mapping in n-dimensional space. According to
Kantorovich theorem, the existence and uniqueness of equilibrium point where the cost
equals the income is discussed. When the demand function satisfies certain conditions,
there generally exist many equilibrium points for cost-based pricing. Moreover, the itera-
tion method for finding one of the equilibrium solutions is given. Then, tax burden of pro-
ducers and consumers is described and illustrated with an example.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

Supply chain is the basic organizational structure of economic activities such as production and sales. Supply chain net-
work can be defined as follows: the entire process in which raw material supply, production and processing, product trans-
portation, inventory, sales of end products, as well as after-sales service provided to users, are linked.

The supply chain network usually consists of suppliers, manufacturers, warehouses, distribution centers, and dealers and
so forth. Suppose the supply chain network consists of n production and business units which are denoted by n nodes cor-
respondingly. Each production and business activity requires the investment of raw materials, fixed capital and labor hours.
For instance, if a specific node represents the production activities of a certain product, the purchase of raw materials from
outside the system is needed, or, the products are purchased from other nodes as the raw material input of this node; addi-
tionally, plants and equipment (fixed capital) as well as the input of labor hours are also required. If a specific node denotes
the transportation activity and a certain product is transported from A (A node) to point B (B node), then the product in A
place is seen as an input of transportation activities, while after its transportation to point B, the product can be considered
as the output of transportation activities. Transportation vehicles, etc. can be seen as fixed capital investments, while trans-
portation staffs are seen as the input of labor hours. So far, there have already been a great deal of literatures on the operation
and management of supply chain network (for instances see [1–6]). The analysis of the production, pricing and profits at
each node of the supply chain network is usually conducted according to the following steps: first, each node is treated
as an independent business unit. The output at the ith node is qi, which can not only represent the product quantity of a cer-
tain product produced by a specific production unit, but also the ton-kilometers of transportation offered by the transpor-
tation unit. The total cost TCi of the ith node consists of the fixed cost Ci and variable cost VCiðqiÞ, e.g.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2013.06.011&domain=pdf
http://dx.doi.org/10.1016/j.apm.2013.06.011
mailto:zhangyan163mail@163.com
mailto:huangjh@sem.tsinghua.edu.cn
http://dx.doi.org/10.1016/j.apm.2013.06.011
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm


Y. Zhang, J.H. Huang / Applied Mathematical Modelling 38 (2014) 168–180 169
TCiðqiÞ ¼ Ci þ VCiðqiÞ; ð1Þ
where the fixed cost Ci is a constant, the value of variable cost is related to the output qi. The maximization of profits pi at
each node can be described by the following equation:
Max pi ¼ piqi � TCiðqiÞ: ð2Þ
The profits are maximized at each node in order to reach the Cournot equilibrium and to obtain the corresponding price,
output and profits [7].

The above method has been adopted in many research works (see [3,8,9] for instances). However, a number of key prob-
lems remain to be solved, and further improvement is needed:

(I) How to determine the value of fixed cost Ci? Eq. (1) suggests that the fixed cost Ci is a constant, but how can it be
determined according to the actual data?

In the actual production and business activities, each node requires input of fixed capital and labor hours. For instance,
regardless of whether the production at the ith node has been started or not, the processing equipments costing K1i dollar,
the plant costing K2i dollar, the transportation vehicles costing K3i dollar and the fixed labor hours of Li per month (suppose
that the production cycle is 1 month) are needed. Then, the value volume of fixed cost measured in monetary unit is as
follows:
Ci ¼ ðr þ d1ÞK1i þ ðr þ d2ÞK2i þ ðr þ d3ÞK3i þwLi; ð3Þ
where d1, d2, d3 denotes different types of fixed capital depreciation rate of this month, respectively; r denotes net return rate
of fixed capital of this month; w denotes the monthly wage rate of fixed labor hours; data about the fixed capital Kji and labor
hour Li can be collected in practice; then, the fixed cost Ci can be calculated according to Eq. (3). The variation of r and w can
affect the value of fixed cost Ci.

(II) The public fixed capital and public service are not considered in the supply chain network above.

In practice, public infrastructures are required at each node of supply chain network, as well as the public service pro-
vided by public management sectors. Therefore, each node or management unit should pay tax as the return of public fixed
capital and public service. At present, the value-added tax (VAT) and corporation income tax is imposed on enterprises and
business units in China, and the tax collection affects the pricing and output quantity of each business unit.

Besides, Cournot equilibrium solution of supply chain network is generally discussed in literatures. Cournot equilibrium
price is higher than the cost price, but the cost price is more reasonable, for instance see [10,11]. There are few research
works on the cost-based pricing in supply chain network currently that may be nevertheless quite useful in practice. This
is due to the fact that Cournot competition usually refers to output competition, e.g. each business unit calculates the output
corresponding to the maximized profit in order to reach Cournot equilibrium. In actual business activities, however, the
competition among various business units is usually the price competition, with each business unit determines the most
favorable price according to the market. When the income of each business unit equals the cost pricing, the net return rate
ri of fixed capital and the wage rate wi of labor hour vary for each unit. If these two rates are identical among different units,
then it can be said that the entire network has reached reasonable equilibrium.

The cost-based pricing model can be applied to cost control and management in an enterprise. The production, transpor-
tation, inventory, sales and other activities of an economic entity with independent accounting (such as company, enter-
prise) can be described using the supply chain network model. Such an economic entity always seeks to reduce costs and
increase profits. The cost-based pricing model can be used to understand which links are more sensitive to the cost of prod-
ucts, so as to implement management and control over the production cost. Delicacy management of the production process
in an enterprise also involves product quality management apart from cost management. Only cost calculation but no quality
problem is considered in this paper, that is to say, each product has only one level of quality. Castillo-Villar, K. K, Smith, N. R,
& Simonton, J. L and others have made extensive researches on the cost of quality of the supply chain by establishing models
(see [12–15]). On the basis of the research results above, further study can be conducted over the quality of the production
process and cost management in order to benefit the modern management of an economic entity with independent
accounting.

This study suggests a method of cost-based pricing of supply chain network when VAT and the corporate income tax are
taken into account. Then the following conditions should be met by each business unit in this type of supply chain network:
the fixed capital invested during the production process is the given constant that cannot be adjusted in a short term; thus, it
is only applicable to the description of production and business activities in the short term. With the increase in output, the
average cost decreases gradually. For ordinary production units, there always exists the maximum production capability.
Within this capability, the above method is applicable. Especially for the production of information products with lower
reproduction cost, the production capability is relatively greater, and the average cost decreases with the increase of output
(see [16]). The situation of overloading in production is not included in this study. The approach suggested in this study has
the following characteristics:
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(1) When VAT and corporate income tax are taken into account, this cost-based pricing method is much closer to real sit-
uations. Fluctuation of VAT rate, which has huge influence on corporate production, is linked to production cost and
profits. If VAT rate is too high, there may be no solution to cost-based pricing model, which means that the enterprise
encounters losses. The change of VAT rate is normally decided by the government. Enterprises can only make decisions
over the specified VAT rate. But the method proposed in this paper can be used for cost control over the production
process. For example, when changes occur to the production process (the relational graph of production units) or
equipment, personnel, or raw materials, the cost will fluctuate. Meanwhile, the calculation can help understand which
factors are more sensitive to production cost and the changes of which factors can greatly reduce the production cost.

Production and operation activities in real life can usually be described with the supply chain, and the cost-based pricing
model has extensive applications. Besides its role in cost control over the established production process, the method pre-
sented in this paper can also be used in cost estimation of uncompleted production process. For example, if one contractor
undertakes an engineering project, the project can be described using the supply chain. Thus the cost price of such project
will be calculated or estimated.

(2) Data collection is relatively easier, e.g. the data about the raw material, fixed capital, labor hours are easy to collect.
(3) Generally, there exist many equilibrium solutions to cost-based pricing. The first one is the lowest equilibrium price

solution. This is the most important solution, since it reflects the fair pricing of products, where the stable balanced
point may be found out by the iteration method and iteration algorithm can be used for easier calculation. There
may exist the highest equilibrium price solution. It is the unstable balanced point, it cannot be found directly accord-
ing to iteration method. The prices obtained with other equilibrium price solutions vary, ranging from the highest to
the lowest. When the prices are within the region encircled by various equilibrium points, the excess profits higher
than the costs are obtained.

2. The cost-based pricing model of supply chain network with VAT and corporate income tax considered

Suppose that the supply chain network contains n production and business units that are represented by n nodes corre-
spondingly. Each unit produces one product. The parameters of the ith unit are as follows:

Sets:
i; j 2 ð1; . . . ;nÞ; the supply chain network contains n production units or nodes, such as i, j.
Variables:
Ki— value volume of invested fixed capital measured in monetary unit is a constant. For instance, it can be the gross value

of the plants and equipments used in this unit. The fixed capital can also be divided into several types according to Eq. (3).
However, only one type of fixed capital is assumed to be involved below, and the calculation method is the same with the
case in Eq. (3).

Li— the invested labor hours, a constant. Labor hour in practical application can be divided into different types based on
wage rate, the calculation method is the same.

ri— the net return rate of fixed capital. The fixed capital rental rate ðri þ diÞ subtracted by depreciation rate di equals the
net return of fixed capital.

di— the depreciation rate of fixed capital. The corporate income tax levied should be based on the deduction of capital
depreciation, and capital depreciation rate is usually determined by the tax authorities in accordance with the service life
of fixed capital. It should be noted that the deducted capital depreciation may not be the same as the actual capital depre-
ciation. It can also be calculated according to the actual capital depreciation rate in order to compare the cost price of the
products.

wi— the wage rate of labor hours.
Ci— the fixed cost invested, which is related with the fixed capital invested Ki, the fixed-capital rental rate ðri þ diÞ, the

invested labor hours Li, the wage rate wi of labor hours, etc. Fixed cost calculation method can refer to Eq. (3).
hi— the marginal cost to produce one unit of the ith product, a constant. For instance, the value volume of raw materials

bought from the outside of the supply chain network, etc.
s— the rate of VAT, which is the same among different production units. Each production unit also consumes public fixed

capital and public service apart from consumables or intermediate input such as raw materials, fixed capital input and labor
hour input. The difference between output and intermediate input is called the value added of the production unit, and the
value-added tax levied on the value added is used to compensate for public fixed capital and expenses public service ex-
penses. VAT rate is normally specified by tax authorities.

r— the rate of corporate income tax, which is the same among different production units. Corporate income or gross prof-
it can be obtained after VAT and the deduction of fixed capital depreciation and salary. Corporate income tax is levied to
compensate for public fixed capital and public service expenses. Corporate income tax rate is normally specified by tax
authorities.

qi— the production quantity of the ith product, which can be the quantity of the products, or the ton-kilometers of trans-
portation accomplished by transportation departments, etc.
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pi— the price of the ith product. It should be noted that the products produced by one production unit may be the input of
another production unit. The two production units belong to one independent financial accounting department but without
market transaction. Thus, the price here is not the market price but the production cost of product produced by production
unit i.

aji— the quantity of the jth product inside the supply chain network needed to invest to produce one unit of the ith
product.

di— the demand for the ith product from outside the network. It is the function of the product price.
During the production process, the enterprise has to use public infrastructure and public services. Therefore, the fiscal and

taxation authorities levy tax on the enterprise. At present, Chinese financial and tax authorities mainly collect value-added
tax and corporate income tax (and sometimes other additional small taxes). After the tax rates are enacted and implemented
for a period of time, if the companies complain of the heavy tax burden, the government needs to reduce the tax rates. If
there is a financial deficit (revenue less than expenditure), the government will consider increasing the tax rate. Tax rate
is not adjusted arbitrarily because it is fixed over a long period.

Capital depreciation needs to be deducted when the government levies corporate income tax, and the rate of capital
depreciation is determined. In China, according to hhApproach for the Pre-tax Deduction of Corporate Income Taxii issued
by State Administration of Taxation, the capital depreciation rate is determined according to the service life of different types
of fixed assets (plant, equipment, etc.). It should be noted that the deducted capital depreciation may not be the same as the
actual capital depreciation. It can also be calculated according to the actual capital depreciation rate in order to compare the
cost price of the products.

First, the equilibrium of output quantity is taken into account.
As the quantity of fixed capital invested is a given constant which is measured in monetary unit, only the equilibrium of

the quantity material objects inside the supply chain network is needed to be taken into account. The outputs of various
products should equal the corresponding demands of the production activities of each unit both inside and outside the sup-
ply chain network. Thus, the following equilibrium equation is obtained.
qi ¼ ai1q1 þ � � � þ ainqn þ di: ð4Þ
The matrix form of this equation is expressed as follows.
q ¼ Aqþ dðpÞ; ð5Þ
where
q ¼ ½q1; . . . ; qn�
s
; p ¼ ½p1; . . . ;pn�; dðpÞ ¼ ½d1; . . . ;dn�s; A ¼

a11 � � � a1n

..

. ..
.

an1 � � � ann

2
664

3
775:
Eq. (5) is consistent with Leontief static input–output model in forms.
The output level of production activity of each unit can be calculated according to Eq. (5):
q ¼ ðI � AÞ�1 � dðpÞ: ð6Þ
It can be seen from Eq. (6) that the gross output of the ith product is the function of price.
qi ¼ qiðpÞ: ð7Þ
Now the equilibrium between income and cost of each unit is taken into account.
If the output of the ith product is qi, then the income is piqi. The value-added equals the sales income minus the interme-

diate input,i.e.
The Value-added ¼ piqi � p1a1iqi � . . .� pnaniqi � hiqi

If the rate of VAT is s, then VAT to be turned over is as follows:
The VAT to be turned over ¼ sðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ: ð8Þ
The income of enterprises after turning over the VAT is as follows:
The income of enterprises after turning over the VAT ¼ ð1� sÞðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ
The tax base is obtained by subtracting the fixed capital depreciation and the wage from the corporate income after the

VAT is turned over, and it is multiplied with the corporate income tax rate to acquire corporate income tax needed to be
turned over. Consequently, the following can be obtained:

After the deduction of the fixed capital depreciation and the wages, the enterprise income is as follows:
The enterprise income ¼ ð1� sÞðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ � diKi �wiLi.
The tax base = The enterprise income
The corporate income tax needed to be turned over
¼ r½ð1� sÞðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ � diKi �wiLi�:
Then, the tax amount Ti turned over by the ith unit equals the sum of the VAT and the corporate income tax, i.e.
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Ti ¼ r½ð1� sÞðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ � diKi �wiLi� þ sðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ: ð9Þ
The cost pricing equation can be expressed with the following equation:
Income ¼ cost: ð10Þ
The cost consists of the following items: the VAT turned over, the corporate income tax, the fixed cost used Ci, the mar-
ginal cost hiqi incurred by purchasing raw materials from outside the network, as well as the marginal cost incurred by pur-
chasing the products inside the supply chain network, i.e.
Income ¼ the VAT turned overþ the corporate income taxþ the fixed cost usedþ the marginal cost: ð11Þ
Since the quantity of various products inside the supply chain network invested to produce one unit of the ith product is
a1i; . . . ; ani, the corresponding marginal cost of the output of qi is p1a1iqi þ � � � þ pnaniqi. Accordingly, the equation where the
income equals the cost is as follows:
piqi ¼ Ti þ p1a1iqi þ � � � þ pnaniqi þ ðri þ diÞKi þwiLi þ hiqi: ð12Þ
By substituting Eq. (9) into the above equation, we have
piqi ¼ r½ð1� sÞðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ � diKi �wiLi� þ sðpiqi � p1a1iqi � � � � � pnaniqi � hiqiÞ þ p1a1iqi þ � � �
þ pnaniqi þ ðri þ diÞKi þwiLi þ hiqi;
which can be changed into
piqi ¼ ½rð1� sÞ þ s�piqi þ ð1� rÞð1� sÞðp1a1iqi þ � � � þ pnaniqiÞ þ ð1� rÞð1� sÞhiqi þ ð1� rÞ½ðri þ diÞKi þwiLi�
þ rriKi: ð13Þ
Divide both sides of the equation by qi, then the cost-based pricing equation can be obtained as follows:
pi ¼ ½rð1� sÞ þ s�pi þ ð1� rÞð1� sÞðp1a1i þ � � � þ pnaniÞ þ ð1� rÞð1� sÞhi þ fð1� rÞ½ðri þ diÞKi þwiLi�
þ rriKig=qiðpÞ: ð14Þ
3. The existence and uniqueness of solution to cost-based pricing of various products in a short term

On the right of Eq. (14) is the average cost for producing one unit of product of the ith unit. Therefore, the average cost
function UiðpÞ of the ith unit can be defined as follows:
UiðpÞ ¼ ½rð1� sÞ þ s�pi þ ð1� rÞð1� sÞðp1a1i þ � � � þ pnaniÞ þ ð1� rÞð1� sÞhi þ fð1� rÞ½ðri þ diÞKi þwiLi�
þ rriKig=qiðpÞ: ð15Þ
The average cost vector UðpÞ can be rewritten as follows:
UðpÞ ¼ ½U1ðpÞ; . . . ;UnðpÞ�: ð16Þ
The income from the production of one unit of product by unit i is pi; thus the income vector can be designated as follows:
p ¼ ½p1; . . . ;pn�: ð17Þ
According to Eqs. (14) and (15), the cost-based pricing equation can be defined as follows, and it can be taken as the map-
ping in n dimensional space.
p ¼ UðpÞ: ð18Þ
In order to discuss the existence and uniqueness of the solution to the above cost-based pricing equation, it is supposed
that the following conditions are satisfied:

Condition 1: The demand function is the monotone decreasing function of the price, e.g. if the price p and s are given, and
p > s > 0, then dðsÞ > dðpÞ.

It is worth pointing out that the demand equation d(s) does not necessarily satisfy the condition mentioned above in some
cases. It will be seen from the following discussion that if the demand function satisfies this condition, iteration algorithm
can be used to solve Eq. (18), and the existence and uniqueness of the solution to Eq. (18) can be easily to solve. If the de-
mand function d(s) does not satisfy Condition 1, then the discussions on the existence uniqueness of the solution to Eq. (18)
may be more complex, and this situation is not investigated in this study.

Condition 2: If p! 0, then dðpÞ ! �d and �d ¼ ½�d1; . . . ; �dn�. If p! �p and �p ¼ ½�p1; . . . ; �pn�, then dðpÞ ! 0. Where, �d and �p are the
given constant vectors.

This condition suggests that if the price tends towards 0, then the demand quantity tends towards a relatively larger po-
sitive constant vector. If the price tends towards a certain larger positive constant vector, then the demand quantity tends
towards 0.
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Condition 3: There exists p ¼ p� > 0, where the income is larger than the cost, i.e. p� > Uðp�Þ.
This condition indicates that when the market price p� > 0, the income p� is larger than the cost Uðp�Þ, which implies

that the production activity is profitable.
Condition 4: There exists p ¼ pD > p� > 0, where the income is less than the cost, i.e. pD < UðpDÞ.
This condition suggests that when the market price is too high, the demand quantity tends towards 0, and the production

activity is losing money.
The discussion of the existence and uniqueness of the solution to cost-based pricing Eqs. (18) or (14) requires the follow-

ing lemma 1, which can be found in Ortega and Rheinboldt [17].

Lemma 1 (Kantorovich). Consider following nonlinear equation:
p ¼ XðpÞ: ð19Þ
The XðpÞ is the one to one map on D: D � Rn ! Rn.

The hg; ni denotes the set: fz 2 Rn g 6 z 6 nj g, and suppose that hg; ni � D: If the XðpÞ satisfies following conditions:

� XðgÞ > g;

� If z P g P 0, then XðzÞP XðgÞ, this means that XðpÞ is an isotonic map;
� There is n > 0, so that XðnÞ < n.

Then the following sequence:
pkþ1 ¼ XðpkÞ; p0 ¼ g;
will converge to solution p	, such that:
p	 ¼ Xðp	Þ;
the following sequence:
pkþ1 ¼ XðpkÞ; p0 ¼ n;
will converge to another solution p		, such that:
p		 ¼ Xðp		Þ:
The relation between p	 and p		 is p	 6 p		.
The existence of the solution to cost-based pricing Eqs. (18), (14) can be described according to Theorem 1.

Theorem 1. In Eqs. (18) or (14), if conditions 1–3 are met for this equation, then there exists a meaningful solution p	 such that
p	 ¼ Uðp	Þ: ð20Þ
Proof. Firstly, it can be derived from Eq. (15) that
Uið0Þ ¼½rð1� sÞ þ s� � 0þ ð1� rÞð1� sÞð0� a1i þ � � � þ 0� aniÞ þ ð1� rÞð1� sÞhi

þ fð1� rÞ½ðri þ diÞKi þwiLi� þ rriKig=qið0Þ > 0;
which means
Uð0Þ > 0: ð21Þ
Secondly, because the demand is a decreasing monophonic function of price, this means that UðpÞ is an increasing mono-
phonic function of p. That is: if p > s > 0, then UðpÞ > UðsÞ.

Thirdly, according to condition 3, there exists p ¼ p� > 0, which makes p� > Uðp�Þ.
According to lemma 1, the following sequence is tenable:
pkþ1 ¼ UðpkÞ; p0 ¼ 0;
which converges to solution p	 such that:
p	 ¼ Uðp	Þ:
The following sequence is tenable
pkþ1 ¼ UðpkÞ; p0 ¼ p�;
which converges to another solution p		 such that:
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p		 ¼ Uðp		Þ:
The relation between p	 and p		 is that p	 6 p		. h

The uniqueness of the solution to cost-based pricing Eqs. (18), (14) is discussed as follows.
When price p ¼ 0, then 0 < Uð0Þ, which indicates that the supply chain network is losing money. According to Condition

3, when the price rises so that p ¼ p� > 0, then the income is larger than the cost, i.e. p� > Uðp�Þ. When the supply chain
network is making profits, then according to Theorem 1, there exists at least 1 breakeven point between p ¼ 0 and
p ¼ p� > 0, or, there exists the cost-based price and the output. When the price keeps soaring, then according to Condition
2, if p! �p, then dð�pÞ ! 0, where �p is the given constant vector. According to Eq. (15), dð�pÞ ! 0, which indicates that the aver-
age cost Uð�pÞ ! 1. Since �p is a limited constant vector, then �p < Uð�pÞ can also be obtained, indicating that the supply chain
network is losing money. Consequently, there also exists at least one breakeven point between p ¼ p� > 0 and p ¼ �p, or,
there exist cost-based price and the output. Therefore, if the conditions 1–4 are all satisfied, then there usually exist at least
two different breakeven points in supply chain network, or, the solutions to the cost-based pricing equation may be not
unique.

It is worth noticing that the Cournot equilibrium solution was frequently discussed in the supply chain network. Cournot
equilibrium solution usually exists and it is unique, whereas the equilibrium solution of price also exists and it is unique in
the general long-term equilibrium pricing model (see [11,18]). The existing literatures often focus on the uniqueness of equi-
librium price. However, this paper demonstrates that there are usually many equilibrium price solutions in a supply chain
network. In the following example, a supply chain network involving seven business units is given with four equilibrium
price solutions. The first one is the lowest equilibrium price solution and it is also the most important solution, since it re-
flects the fair pricing of products. Its stable balanced point may be found out by the iteration method according to Theorem 1.
There may exist the highest equilibrium price solution. It is the unstable balanced point, which cannot be found directly
according to iteration method. The prices obtained with other equilibrium price solutions range from the highest to the low-
est. The existence, uniqueness and computability of the solution to mathematical economic model are the fundamental
problems that must be solved. This paper reveals that the solution to cost-based pricing is not unique and the iterative algo-
rithm is proposed to obtain the lowest cost price solution. But some problems require further research:

A. When the node of the supply chain network is relatively larger, there may be multiple solutions to cost-based pricing
models simultaneously. How many are the solutions to the cost-based pricing model?

B. How many are stable equilibrium points in solutions to the cost-based pricing model? Is the lowest solution to cost-
based pricing model the only stable equilibrium point?

C. How to calculate all the solutions to cost-based pricing model for a large system?
D. Is the profitable area of the supply chain network the area confined by these solutions? Intuitively speaking, it should

be like that but it needs strict proof.

We now come to analyze the influence of tax on supply chain network.
Theorem 2 deals with the relationship between the tax increase and the value-added of supply chain network.

Theorem 2. In (18) or (14), if conditions 1–3 are met for this equation, then the tax revenue equals the increase in the value-added
of supply chain network after tax.
Proof. Suppose that before tax, the equilibrium price is p
i , and output level is q
i , while after tax, the equilibrium price is p	i ,
and the output level is q	i according to Eq. (12), then the balanced equation after tax is
p	i q	i ¼ Ti þ p	1a1iq	i þ � � � þ p	naniq	i þ ðri þ diÞKi þwiLi þ hiq	i :
The value-added after tax is
p	i q	i � ðp	1a1iq	i þ � � � þ p	naniq	i Þ � hiq	i ¼ Ti þ ðri þ diÞKi þwiLi:
The value-added before tax is
p
i q
i � ðp
1a1iq
i þ � � � þ p
naniq
i Þ � hiq
i ¼ ðri þ diÞKi þwiLi:
The increase in the value-added after tax is
½p	i q	i � ðp	1a1iq	i þ � � � þ p	naniq	i Þ � hiq	i � � ½p
i q
i � ðp
1a1iq
i þ � � � þ p
naniq
i Þ � hiq



i � ¼ Ti �:
Theorem 2 indicates that the taxation will increase the value-added, which seems to mean that taxation is beneficial.
However, Theorem 3 shows that the taxation will reduce the consumer surplus, which subjects consumers to certain losses.
Theorem 3. In Eqs. (18) or (14), if conditions 1–3 are met for this equation, then total tax revenue is less than the tax burden on
consumers, which is defined as the increase in consumer spending after tax.



Y. Zhang, J.H. Huang / Applied Mathematical Modelling 38 (2014) 168–180 175
Proof. Suppose that before tax, the equilibrium price is p
i , and output level is q
i , while after tax, the equilibrium price is pi	,
and output level is qi	, then the tax burden on consumers .is as follows
The tax burden on consumers in unit i ¼ ðp	i � p
i Þq	i : ð22Þ
By Eq. (12), the balanced equation after tax can be changed to
p	i ¼ Ti=q	i þ ðp	1a1i þ � � � þ p	naniÞ þ ½ðri þ diÞKi þwiLi�=q	i þ hi: ð23Þ
By Eq. (12), the balanced equation before tax can be changed to
p
i ¼ ðp
1a1i þ � � � þ p
naniÞ þ hi þ ½ðri þ diÞKi þwiLi�=q
i : ð24Þ
By substituting Eqs. (23) and (24) into Eq. (22), we have the following equation:
The tax burden on consumers in unit i ¼ ðp	i � p



i Þq	i ;

¼ Ti þ ½ðp	1 � p
1Þa1i þ � � � þ ðp	n � p
nÞani�q	i þ ½ðri þ diÞKi þwiLi�½1� q	i =q
i � > 0;
which means
Ti < The tax burden on consumers in unit i;
or

X

Ti < The tax burden on consumers �: ð25Þ
4. An example

In actual production activities, the process from raw materials to semi-finished products and finally to the output of fin-
ished products consists of many links, each of which can be seen as an independent production unit. All production units are
interconnected so as to form a supply chain network. Each production unit produces one only kind of product (it can be fin-
ished product, and also can be semi-finished products as the intermediate input of the next production unit). To produce this
kind of product, 3 types of production factors shall be input: A. Intermediate inputs, such as raw materials, energy consump-
tion and to be semi-finished products from the preceding product unit. B. Fixed capital investment such as plant, equipment.
C. Labor hours: managers, technicians, workers. Cost calculation, management and control is a must for any modern enter-
prise. Therefore, the above data must be available and accessible. But the production activities in real life usually consist of
many production units, and therefore data acquisition and analysis takes much time. Due to limited space, only simple cal-
culation examples are given in this paper. The given example consists of 7 production units, which is simplification of real
production activities (each production unit has only one type of fixed capital). It is not a real example from a real production
background. In addition, it should be noted that an enterprise is divided into a number of production units, and the sum of
value added of all production units is the total value added of the enterprise. Therefore, levying VAT on the enterprise has the
same effect as on every production unit. The same situation applies to corporate income tax

Fig. 1 shows the simple production and business system consisting of seven units. The products from the first and the
second manufacturing units should be transported via the forth unit to the third unit for assembly. One part of the assembled
products is transported to the fifth unit for sales, while the other part is transported to the seventh manufacturing unit, and
they are assembled with the products from the sixth manufacturing unit. The assembled products are directly for sales.

In practical applications, we must first consider a firm or company with independent accounting, which can be divided
into several production units. They are interconnected with each other to form the supply chain network. It should be noted
that the Production unit 4 belongs to the transport department of the company. In reality, there exist logistics companies
with independent economic accounting that do not belong to the production company. For example, Production unit 1 pur-
chases raw material from the outside, and then an external logistics company transports the material to the company. In this
case, we only need to include the transportation cost of delivering the raw material (including the delivery expense paid to
the logistics company) from the outside to the Production unit 1 into the marginal cost h1.

However, the real situation is more complex. For example, a production unit processes a kind of product at this time, and
at other time it processes another kind of product. In this case, this unit can be subdivided into two smaller production units
sharing the fixed capital and labor hours according to the processing time. The concrete solution is determined in accordance
with the actual situation. The example cited in the paper is the simplification of the actual situation.

Parameters of matrix A are given in Eq. (26). The parameters in the third column of the matrix are a13 = 1.05 and
a23 = 1.03, respectively, implying that 1.05 units of products from the first unit and 1.03 units of products from the second
unit is needed to be invested to produce one unit of product of the third unit. The reason for 1.05 > 1 and 1.03 > 1 lies in that
there exists certain rejection rate during the manufacturing process. If the rejected products do not appear, then one unit of
product of the third unit can be produced by assembling one unit of product from unit one and one unit of product from unit
two.
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Fig. 1. The production flow chart of a corporation.
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We note that aji is the quantity of the jth product inside the supply chain network needed to invest to produce one unit of
the ith product.

a35 = 1.01 means that 1.01 units of product 3 are required to produce one unit of product 5. a45 = 3.1 means that 3.1
units of product 4 are required to produce one unit of product 5. (For example, it is required to transport 1.01 units of
product 3 from the Production unit 3 to the Production unit 5 in order to produce one unit of product 5. The weight
of 1.01 units of product 3 is a ton, while the distance between the Production unit 3 and 5 is b kilometer, so that
a� b ¼ 3:1 ton-kilometer. Each ton-kilometer is one unit of output of Production unit 4, which means that 3.1 units of
Product 4 are required to produce one unit of Product 5.) a27 = 0 means that product 2 is not required to produce product
7. a37 = 1.02 and a67 = 1.1 mean that 1.02 units of product 3 and 1.1 units of product 6 are required to produce one unit of
product 7. A total of 2.5 units of output of Production unit 4 are required to transport 1.02 units of product 3 and 1.1 units
of product 6 to Production unit 7. This means a47 = 2.5, that is, 2.5 units of product 4 are required to produce one unit of
product 7.
A ¼
a11 � � � a17

..

. ..
.

a71 � � � a77

2
664

3
775 ¼

0 0 1:05 0 0 0 0
0 0 1:03 0 0 0 0
0 0 0 0 1:01 0 1:02
0 0 2:20 0 3:1 0 2:5
0 0 0 0 0 0 0
0 0 0 0 0 0 1:1
0 0 0 0 0 0 0

2
666666666664

3
777777777775

;

and
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ðI � AÞ�1 ¼

1 0 1:05 0 1:0605 0 1:071
0 1 1:03 0 1:0403 0 1:0506
0 0 1 0 1:01 0 1:02
0 0 2:2 1 5:322 0 4:744
0 0 0 0 1 0 0
0 0 0 0 0 1 1:1
0 0 0 0 0 0 1

2
666666666664

3
777777777775

:

According to Eq. (7), we have (it should be noted that d1 ¼ d2 ¼ d3 ¼ d4 ¼ d6 ¼ 0):
q ¼ ðI � AÞ�1d ¼

1 0 1:05 0 1:0605 0 1:071
0 1 1:03 0 1:0403 0 1:0506
0 0 1 0 1:01 0 1:02
0 0 2:2 1 5:322 0 4:744
0 0 0 0 1 0 0
0 0 0 0 0 1 1:1
0 0 0 0 0 0 1

2
666666666664

3
777777777775

d1

d2

d3

d4

d5

d6

d7

2
666666666664

3
777777777775

;

q1 ¼ 1:0605d5 þ 1:071d7; ð27Þ

q2 ¼ 1:0403d5 þ 1:0506d7; ð28Þ

q3 ¼ 1:01d5 þ 1:02d7; ð29Þ

q4 ¼ 5:322d5 þ 4:744d7; ð30Þ

q5 ¼ d5; ð31Þ

q6 ¼ 1:1d7; ð32Þ

q7 ¼ d7: ð33Þ
Suppose the final demands of Product 5 and 7 are as follows:
d5 ¼ 95ð2:5� 0:9p5Þ; ð34Þ

d7 ¼ 190� 65p7: ð35Þ
The data of the fixed capital in each of workshop and the marginal cost for producing unit product are shown in Table 1.
The parameters of the tax rate, capital depreciation rate, etc. are as follows:
r ¼ 0:2; s ¼ 0:15; d ¼ 0:1; r ¼ 0:05;w ¼ 3:
It can be derived from Eq. (14) and Eqs. (27)–(35) that
p1 ¼ 0:32p1 þ 0:068þ 15:25=ð1:0605d5 þ 1:071d7Þ;

p2 ¼ 0:32p2 þ 0:0476þ 3:05=ð1:0403d5 þ 1:0506d7Þ;

p3 ¼ 0:32p3 þ 0:034þ 0:68ð1:05p1 þ 1:03p2 þ 2:2p4Þ þ 24:4=ð1:01d5 þ 1:02d7Þ;

p4 ¼ 0:32p4 þ 0:0204þ 7:98=ð5:322d5 þ 4:744d7Þ;

p5 ¼ 0:32p5 þ 0:68ð1:01p3 þ 3:1p4Þ þ 9:44=d5;
Table 1
The data of the fixed capital and the marginal cost.

1 2 3 4 5 6 7

Ki 25.0 5.0 40.0 6.0 8.0 5.5 7.0
Li 5.0 1.0 8.0 3.0 3.5 2.8 0.6
hi 0.1 0.07 0.05 0.03 0.0 0.04 0.0



Table 2
The firs

p	i
q	i

Table 3
The sec

p^i
q^i

Table 4
The thi

p9i
q9i
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p6 ¼ 0:32p6 þ 0:0272þ 7:435=1:1d7;

p7 ¼ 0:32p7 þ 0:68ð1:02p3 þ 2:5p4 þ 1:1p6Þ þ 2:35=d7:
The lowest cost price can be obtained by the iterative method with the calculation steps as follows:
Step 1: Set the initial number of computational cycles t ¼ 0.
Step 2: Set the error e.
Step 3: Set the initial price pt ¼ 0, i.e. pt

1 ¼ pt
2 ¼ � � � ¼ pt

7 ¼ 0.
Step 4: Calculate the demand of the tth cycle according Eqs. (34) and (35):
dt
5 ¼ 95ð2:5� 0:9pt

5Þ;

dt
7 ¼ 190� 65pt

7:
Step 5: Calculate cost price tth cycle according to Eq. (14) or (27)–(35);
ptþ1
1 ¼ 0:32pt

1 þ 0:068þ 15:25=ð1:0605dt
5 þ 1:071dt

7Þ;

ptþ1
2 ¼ 0:32pt

2 þ 0:0476þ 3:05=ð1:0403dt
5 þ 1:0506dt

7Þ;

ptþ1
3 ¼ 0:32pt

3 þ 0:034þ 0:68ð1:05pt
1 þ 1:03pt

2 þ 2:2pt
4Þ þ 24:4=ð1:01dt

5 þ 1:02dt
7Þ;

ptþ1
4 ¼ 0:32pt

4 þ 0:0204þ 7:98=ð5:322dt
5 þ 4:744dt

7Þ;

ptþ1
5 ¼ 0:32pt

5 þ 0:68ð1:01pt
3 þ 3:1pt

4Þ þ 9:44=dt
5;

ptþ1
6 ¼ 0:32pt

6 þ 0:0272þ 7:435=1:1dt
7;

ptþ1
7 ¼ 0:32pt

7 þ 0:68ð1:02pt
3 þ 2:5pt

4 þ 1:1pt
6Þ þ 2:35=dt

7:
Step 6: If the error is less than e, i.e. jptþ1
j � pt

j j 6 e; j ¼ 1; � � � ;7, then the calculation is terminated at step 8.
Step 7: Set t ¼ t þ 1 and go back to step 4 and carry out calculation of the next cycle.
Step 8: Output the calculation results when the calculation is over.
Here the conditions 1–3 are satisfied, so there exit many solutions for the above equations. The calculation results of the

prices and the output levels are shown in Tables 2–5.
Fig. 2 shows the relations among the four equilibrium price solutions. Fig. 3 shows the relations among the four equilib-

rium output level solutions.
Where p	 is the lowest equilibrium price solution, p^ is the highest equilibrium price solution, p9i and pri are the middle

equilibrium price solutions ranging from the highest price to the lowest.
t group of solutions corresponding to the lowest price level (based on the distance from the price vectors to the original).

1 2 3 4 5 6 7

0.166649 0.08358862 0.5051833 0.03733427 0.7252858 0.1178695 0.7628916
339.2874 332.8247 323.1308 1613.7 177.4588 155.1835 141.0759

ond group of solutions corresponding to the highest price level (based on the distance from the price vectors to the original).

1 2 3 4 5 6 7

0.52370 0.15638 1.64098 0.07646 2.43820 0.52083 2.60504
52.93059 51.92239 50.41009 252.5883 29.0391 22.73964 20.6724

rd group of solutions corresponding to the lower price level (based on the distance from the price vectors to the original).

1 2 3 4 5 6 7

0.26874 0.10440 0.83265 0.04976 2.67943 0.12586 1.14200
132.9071 130.3756 126.5782 593.9642 8.40874 127.347 115.77



Table 5
The fourth group of solutions corresponding to the higher price level (based on the distance from the price vectors to the original).

1 2 3 4 5 6 7

pri 0.23022 0.09655 0.70598 0.04365 0.96623 1.37694 2.80870

qri 172.2204 168.94 164.0194 859.5797 154.8873 8.177944 7.434494

Fig. 2. The 4 equilibrium price solutions.

*
iq

∧
iq

∃
iq

∇
iq

Fig. 3. The 4 equilibrium output level solutions.
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In the case of the lowest equilibrium price solution, the value-added before tax is 86.174; the value-added after tax is
102.801; the total tax revenue is 16.626; the total revenue equals the increase in the value-added. These calculation results
conform to Theorem 2.

When tax is taken into account, the expenditure for purchasing all products is

X

p	i q	i ¼ 554:902;
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where p
i is the equilibrium price without considering tax, the expenditure for purchasing all products after tax is

X

p
i q	i ¼ 514:17:
The tax burden on consumers is 554.902 � 514.17 = 40.73. So we have

X

Ti < The burden on consumers:
The calculation results conform to Theorem 3.
It should be pointed out that here we don’t consider the maximum production capacities of every workshop, which goes

beyond the scope of this paper.

5. Conclusions and recommendations for future work

The short-term cost-based pricing model of supply chain network containing n production units is built in this study. The
function of average cost of each production unit decreases with the increase of output. If the demand function satisfies a cer-
tain conditions, the cost function is the monotone mapping in n dimensional space. According to Kantorovich theorem, the
existence uniqueness of the equilibrium point solution to the cost-based pricing function with the VAT and corporate income
tax considered has been discussed. Generally, many equilibrium solutions to the cost-based pricing function may exist.
When the prices are inside the region encircled by various equilibrium points, the excess profits higher than the costs are
obtained. The iteration algorithm for the equilibrium is proposed in this study, and it is illustrated with an example.

The cost-based pricing model presented in this paper can be applied to cost control and management in an enterprise or a
company. There are still many other issues worthy of further research. Such as the problems in model construction: if more
complex assumptions are made for cost function and demand function, then it will be more difficult to solve the cost-based
pricing model. Problems in calculating model solutions are as follows: the existence, uniqueness and stability of the solution
to cost-based pricing model, number of the solution to cost-based pricing model and its relationship to the profitable areas of
the supply chain network. All the problems above are worthy of profound discussion. The problems in actual application are
as follows: when there are many nodes or production units or if other tax categories are levied besides VAT and corporate
income tax, the problem of heavy workload in model constructing will arise. Once a mathematical economic model is suc-
cessfully applied in practice, it will always produce huge economic benefits.
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